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1 Introduction

In some recent papers [1-3] we have studied finite size effects in the anomalous dimensions
of gauge invariant composite operators. More precisely we have addressed this issue by
performing the analysis in two special settings, i.e. in the planar limit of the superconformal
N = 4 SYM theory and in the exactly marginal deformation of N' = 4 SYM theory
preserving N’ = 1 supersymmetry.

The interest in this kind of calculation stems from the quest for an ever deeper un-
derstanding of the AdS/CFT correspondence [4] and the comparison of the spectra of the
gauge theory and the string theory. On the gauge theory side important progress has been
achieved thanks to the realization that some sectors of the theory can be described in
terms of quantum spin chains for which in many cases a Hamiltonian, an asymptotic Bethe
ansatz [5-9] and even an exact, factorized S-matrix corrected by a dressing phase [10-
13] are available. These results were primarily obtained for the anomalous dimensions of
operators of infinite length whose analysis is considerably simplified.

When finite size effects become important new interactions need to be taken into ac-
count. On the string theory side recent papers have studied finite size contributions in
the spectrum of magnons [14-23]. On the field theory side wrapping interactions [9] have
been analyzed [24] in the N' =4 SYM theory. The anomalous dimension of the composite
operator tr(¢[Z, ¢]Z) has been computed at four loops in [1, 2, 25, 26].

In [3] we have considered finite size effects in a less symmetric setting. More precisely
we have focused on the S-deformed N =4 SYM theory obtained from the original N' = 4
theory by modifying the superpotential via the substitution

igtr (QVZ — $Z ) — ihtr <ei”5¢¢z—e—”ﬁ¢zw> (1.1)



with h and § complex constants. In [27] it was argued that this theory becomes con-
formally invariant if the constants h and [ satisfy one condition. Indeed in [28] it has
been shown that for a real deformation parameter 3 this deformed N = 1 theory becomes
superconformal, in the planar limit to all perturbative orders, if

hh = ¢* . (1.2)

The AdS/CFT correspondence predicts that this deformed theory is equivalent to the
Lunin-Maldacena string theory background [29]. The existence of integrable structures in
the deformed string background has been analyzed in [30-32]. Finite size effects of single
magnons were discussed in [33].

A new feature of the deformed theory as compared to the situation in N' = 4 SYM
is given by the fact that one-impurity states are not protected by supersymmetry. In [3]
we have computed the anomalous dimensions of one-impurity and two-impurity operators
up to four-loop order and made some partial calculations and conjectures for the simplest
single-impurity operator Oy 1, = tr(¢pZ L=1) at higher order L in perturbation theory.

This paper is the natural extension of the work presented in [3]. Here we want to
compute in the planar limit the anomalous dimensions of the one-impurity operators Oy 1, =
tr(¢Z%~1), including wrapping contributions at their critical order L.

The anomalous dimension of a composite operator O can be obtained from the diver-
gent diagrams that contribute to its one-point function. In dimensional regularization, if
the operator is renormalized multiplicatively, it is simply given by

. d
7(0) = lim 6gd—glogZo(g,6) ; (1.3)
where
Oren = ZOObare (14)

and ¢ is the dimensional regularization parameter. Thus we want to compute up to L loops
all the divergent contributions to the one-point function of the operator O and isolate
the 1/e poles. At first sight this program looks very ambitious and complicated. In fact
the use in conjunction of integrability properties and of superspace techniques proved so
powerful that we were able to reduce and structure the whole calculation into a manageable
form. The computation is organized through the sequence of the following steps:

First we obtain the contributions to the anomalous dimension which do not contain wrap-
ping interactions, up to perturbative order L. This we achieve by starting from the knowl-
edge of the anomalous dimensions of long single-impurity states of the SU(2) sector. If
the corresponding operator O,5 has such a length that wrapping interactions do not con-
tribute, the anomalous dimension at a given perturbative order can be obtained from the
all-loop result [28]

Y(Ops) = =1+ /1 +4A(q - %‘2 =1+ \/1 + 16Asin?(r3) (1.5)

g’N
1672°

where A = This result is correct only in the asymptotic regime.



Thus in order to obtain the anomalous dimensions for Oy 1, up to order L, we need to
subtract the range-(L + 1) contributions from the L-order expansion of (1.5) and finally
compute explicitly the wrapping diagrams at the critical order L.

The number of wrapping graphs that one has to consider at L loops becomes so large
that in [3] we thought the calculation could not be performed exactly. In fact a judicious
analysis in terms of superfields and supergraphs allows to discover a huge number of can-
cellations such that in the end only a few restricted classes of supergraphs are shown to be
relevant. In the next section we consider these superspace Feynman diagram calculations,
showing how the cancellations occur and performing the D-algebra on the relevant contri-
butions. In section 3 we study the integrals. In section 4 we comment on our results. The
strategy to explicitly compute the required integrals can be found in the appendix.

2 The power of superspace

We want to compute the anomalous dimension of the composite operator Oy 1, = tr(¢pZ L=1y]
including wrapping contributions up to L loops in the planar limit following the strategy
introduced in [1-3]. While doing similar calculations at lower loop order we learned that
superspace techniques are very efficient for organizing the work and moreover we found
many unexpected cancellations to occur. In this section we will review briefly the general
rules of the N' = 1 superspace formalism, primarily to set our notations, and we will
explain the reasons that lead to the many cancellations we had noticed in our previous
works. It has been the realization of these general great simplifications that encouraged us
in undertaking this project.

The action of N' = 1 3-deformed SYM is described in terms of one real vector superfield
V and three chiral superfields ¢,v, Z that we denote collectively by ¢'. Following the
notations and conventions of [34] it is given by

_ 1
S = /d4x d*e tr (e_gv b; &Y (bl) + @ /d4$ 4?0 tr (WW,)

(2.1)
+ih / 4z d20 tr <e”5 b1 b b3 — e~ By b ¢2> +he.,

where W, = D? (e*QV D, egv), and V = VeTe, ¢t = ¢¢T?, i =1,2,3, T* being matrices
satisfying the SU(N) algebra
(To, Ty) = i fapeTe (2.2)

and normalized as
tr(TaTb) = Ogp - (23)

In order to compute Feynman diagrams we need propagators and vertices that can be easily
obtained from the action (2.1). The superfield propagators are given in momentum space by

_— 5ab 0h 5ab
(Veve) = 2 (d79;) = 62‘]‘? : (2.4)



The vertices that we need are

e — 2 .. —
Vi= 9farcdIG7V5, Vo = L6 futom fremV "V 356}
s a c —4T, a c 2.
Vs = —hfapc(e 6¢1 q§g¢3—e 6¢1 ¢g¢2)7 (25)
Vs = —hfape(e™™ 316565 — ™ $18545) ,

with additional D?, D? factors for each chiral, antichiral line respectively. It is easy to
realize that since our operator 01 1 has length L, vertices containing three or more vector
superfields V never enter the L-loop calculation.

As anticipated in the introduction essentially all diagrams without wrapping interac-
tions need not be examined since their contribution to the L-loop anomalous dimension of
1,1, is simply obtained from the L-order expansion of the asymptotic result in (1.5)

2L — 3)!!
73 = ap A\ sin?l(n3), ap = —(—8)L7( i ) .

(2.6)
In fact the above result is valid for single-impurity states of length greater than L. Thus we
need correct it by subtracting the range-(L + 1) contributions. Here is where our Feynman
diagram computation really starts. It is organized in two separate steps:

(a) subtraction of the range L + 1 diagrams
(b) computation of all the L-loop wrapping diagrams.

According to the general procedure one has to consider a given supergraph and com-
plete the D-algebra in order to reduce it to a standard divergent graph. All graphs that
give rise to finite integrals are immediately discarded since they are not relevant for the
computation of the anomalous dimension of the composite operator. In [2] we have shown
that in order to produce divergent contributions the D-algebra must be performed in such
a way that no spinor derivative is moved out onto the external lines, except for deriva-
tives on scalar propagators that do not belong to any loop. The following analysis makes
substantial use of this very strong result.

Now we start considering the Feynman diagrams that we have to subtract in order to
cancel the unwanted range-(L + 1) contributions contained in (2.6). As in the lower order
examples considered in [3], we have to subtract only one diagram (and its reflection) con-
structed entirely in terms of chiral interactions. It is shown in figure 1 and denoted by St
Introducing the same notations for the chiral structures of the supergraphs as in [3], we find

S; — (gQN)LJL [x(1,2,...,L)+ x(L,...,2,1)]

= (NI (g - 0 [0 4 2] =0
where Jr is given by the L-loop integral in figure 2a. Thus the term to be subtracted
from (2.6) is
0y = —2L lir%(aSL) . (2.8)
£—



Figure 1. L-loop, range-(L + 1) diagram Sy,

(a) Jo (b) Kr

Figure 2. L-loop integrals from diagrams Sy, and Wp o

Figure 3. L-loop wrapping diagram W, o

(a) Wi (b) Wi,2 (c) Wr,p—1

Figure 4. Sample diagrams from different classes

Now we concentrate on the wrapping diagrams. There is one wrapping graph (and its
reflection) with only chiral interactions and it is depicted in figure 3. With the identification
of the first and (L + 1)-th lines we can describe its chiral structure in terms of the deformed

ones and we find
Wro— (¢*N)!Kp [x(1, L, L —1,...,2) + x(L,1,2,...,L — 1)]

2.9
= (*N)FK (g — @) [#57D 4 gD 2

The integral Ky, is given in figure 2b.

Next we have all the wrapping diagrams which contain vector propagators. They can
be collected in different sets distinguished by their chiral structure and correspondingly the
number of vector lines that enter the graph. One representative for each set is shown in
figure 4. We have:

e graphs with chiral structure x(L —1,...,2,1) and 1 vector

e graphs with chiral structure x(L —2,...,2,1) + 1 single Z line, and 2 vectors



Figure 5. Z line with two V; vertices

(a) Block A (b) Block B (c) Block C

Figure 6. Building blocks for diagrams with vector interactions

e graphs with chiral structure x(1) + (L — 2) single Z lines, and L — 1 vectors.

Since vectors can attach on the single Z lines via the V; and V, vertices in (2.5), the
number of diagrams that one produces in this way is very, very large. Now we are going to
prove that remarkable cancellations do occur. In fact we need only consider graphs with
only Vs vertices on the single Z lines since all the diagrams that contain any V; vertex on
a single Z line do actually cancel out completely.

The proof can be organized as follows:

Let us consider a generic diagram where a single Z line has two vectors attaching to it via
two V7 vertices as shown in figure 5. This structure appears in any of the different sets of
diagrams Wp o,...,Wr r—1 depicted in figure 4. There are only three distinct possibilities
to attach the vector on the right hand side of figure 5 to the rest of the graph, corresponding
to the structures shown in figures 6a, 6b and 6c¢.

We examine the three situations separately and prove the complete cancellation of the
divergent contributions. All the possible diagrams coming from each class are shown in
figures 7, 8 and 9.

o Class A (figure 7):
The diagram A; is finite.
Performing part of the D-algebra for the diagram Az one immediately obtains the
same structure of the diagram As, with a different sign due to the 0 = —p? cancelling
one propagator. Since the two diagrams have the same color factor, their divergent
parts sum up to zero.

e Class B (figure 8):
For the diagrams By and By a partial D-algebra shows that they produce the same
result while the opposite color factors make the total divergent part vanish.

The diagram Bs is finite.



(a) As (b) A (c) As

Figure 7. Diagrams of class A

(a) By (b) B2 (c) B3

Figure 8. Diagrams of class B

(a) C (b) Cs (c) Cs

(d) Cy (e) Cs

Figure 9. Diagrams of class C

e Class C (figure 9):
For diagrams C; and Cs we have the same situation as for By and By and the

divergent part of the two diagrams cancels out.

For the diagrams C5 and Cj the cancellation occurs following the same pattern as
for the diagrams As and As.

The diagram Cj is finite.

We conclude that the only relevant diagrams with vectors are the ones in which the
vectors interact with single Z lines through the V5 vertex. In each set the number of
contributing graphs is now reduced to at most four, as depicted in figure 10.

The D-algebra can be performed straightforwardly and it is easy to realize that the
sum of the graphs with j vectors produces the same momentum integrals as the sum of the

diagrams with L — j — 1 vectors.



i, el L, et

(b) We; 0<j<L—1

(c) Wr,p—1

Figure 10. Relevant diagrams after cancellations

We denote the combined color and flavor factors for the various chiral structures by
C'r,j, where the subscript j stands for the number of vectors entering the diagrams. Then

we have
Crj=(q—q)?% | E77D 4 7D = _8sin®(nf) cos[2rB(L — j — 1)] (2.10)

for j=0,...,L —1.
Using these factors, we can write the contributions from each class:

Wio— St =(g*N)* Cpro(KL —J1),
W, =2(*N)E Cp 19t (2.11)

Wio-1=—("N)* Cpp-1(KL —Jr),

)

where the integrals Iéj are shown in figure 11a.

These integrals satisfy the relation

1Y) = -t (2.12)



(a) 1

Figure 11. L-loop momentum integrals

The combination (K, — Jr), which is relevant for (Wy o — Sr) and for class Wy, 1, can

be written in terms of Ig) and of the integral Py, (shown in figure 11b) as
Ky —Jy, =Py —21 (2.13)

We can now collect all these results and obtain the correct value for the anomalous di-
mension:

(O1) =7F +67(O11) - (2.14)

Since both the P;, and the Ig ) are free of subdivergences, their Laurent expansion in & will
present only poles of the first order. Thus we can write

[5]-1
512(01.0) = =2L(g"N)* lim el (Cro—Crr-1)Pe() =2 Y (Crj—Croj-D)I ()
j=0

(2.15)

3 Computation of the integrals

In order to obtain the actual value of the anomalous dimension for a given loop order L,
we need the explicit values of the coefficients of the 1/ poles in the expansions of the
momentum integrals P, and Ijgj).

For the integrals Pz, this result is known as a function of L [35, 36]:

1 1 2 /2L -
P, ( s

L L_1>g(2L—3), (3.1)

where the symbol ~ means that we are only interested in the divergent part.

We were not able to find a general formula for the divergent parts of the integrals Ig)
as functions of L and j. However, it is possible to find recurrence relations which allow to
compute the required integrals for any fixed value of L and j.

These recurrence relations can be found applying the technique of integration by parts,
as described in [35], where integrals with the same topology, but without scalar products
of momenta in the numerators, were considered. In order to follow this approach, we had
to generalize the triangle rule of [35] to the case of lines with momenta in the numerators.
The derivation of these generalized rules is shown in appendix A.1.



Using the scalar rule (A.2), any g) can be written in terms of a reduced set of integrals
with at most seven loops and with generic propagator weights for the lines coming out from
the operator insertion. An example of this procedure is presented in appendix A.2.

The fundamental integrals can be computed explicitly using the generalized rules.

For the integrals Ig), also the technique described in [36] can be used. This allowed

)

. 1 .
us to guess a general expression for Ié as a function of L:

L—1
1M = %PL + % kzg (hL(L_ ?)C(h(L, k) +1)
1 1 & 2% + 1 1 .
SECST TP VRN (et RESRIET PR L IR
(3.2)
where h(L, k) = 2(L — k — 1+ [k/2]). We could not apply the approach of [36] to the other
classes of integrals because we were not able to compute the needed higher-loop integrals
with generic propagator weights. For L > 10 it also takes too long to extract the pole part
from the results which were obtained from the the recurrence formula. To find the results
up to L = 11 we have therefore employed GPXT [37] as described in appendix A.3.
Looking for a simple deformation of the formula for I (1), we were able to guess the
).

. (2
general expression for I}

L-3
Plm=5r-7 L |poq@-2-0-1) (7551 Jeer+

L L-1 2k +3— L
k=L—1-[L51)
1
7L =L =1L -1,
2) 1, 1 & [2L o+ 1
2 Pg— —_ _ J— p— J—
I |=amit = 5PL =7 ) [L_ (L —2—k) 1] <2k+3_L>§(2k+ 1)

1
LB 1L
(3.3)
Both these formulae have been verified up to L = 11.

4 Concluding remarks

We explicitly computed all the relevant Ig)

up to L = 11. The corresponding results are
shown in appendix A.4.

First of all, we see that in all the cases we considered, wrapping interactions and
range-(L + 1) subtractions only produce transcendental contributions.

Moreover, a very precise transcendentality pattern appears, as can be seen from ta-
ble 1: for every value of L, the term with maximum degree of transcendentality is always
proportional to ((2L — 3). Then a given number of terms with consecutive, lower odd

degrees is present. This number is increased by one every two loops.

,10,



L Transcendental terms

L=4 ¢(3), ¢(5)

L=5 ¢(5), ¢(7)

L=1 ¢(7), €(9), ¢(11)
L=38 ¢(7), €(9), ¢(11), ¢(13)
L= ¢(9), ¢(11), ¢(13), ¢(15)

L =11 | ((11), ¢(13), ¢(15), ¢(17), ¢(19)

Table 1. Transcendental terms produced for different values of L

This particular behaviour is also confirmed by the general expressions we guessed for
a subset of the relevant classes of integrals.

Using the recurrence relations obtained from the triangle rules, one can in principle
compute the exact anomalous dimension for any single-impurity, length-L operator at the
critical loop order L.
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A Details on the computation of the integrals

A.1 Triangle rules

In this section we present the generalization of the triangle rule of [35] to the case of lines
with momenta in the numerators, and show how they can be used to obtain recurrence
relations for the integrals we need.

All the rules we need can be obtained from the following integration by parts identity,
which is valid for a + 8+ 1 — D/2 — dim(f)/2 > 0:

- 9 F
0= /lew (14 p1)2>(l 4 p2)?812
= ( DIt + Df(I)
(l + p1) (l + p2) [P 1
21 ( SRS z‘)) U+ p1)2( + p2)?P2
le Ouf ()
+ (L +p1)? - p? 12+ (14 p2)? — p3 1
0 (“ Crpz P Gy O PT 2>> T+ P+ pa) 0

— 11 —



l2— 2 l2— 2 l
_ /dDz<auf(z)z#_<a(l+p%2+B(Z+pZ§2+a+ﬁ+2—D>> f()

For f(I) = 1 we recover the scalar rule of [35]

T a+1 «
< = Ala, ) % +C(a, B) Q‘ +C(8,a) 4» (A-2)
AN B 6+1

where
aG(a+1,0) + G(a, B+ 1)
Ao f) == a+f+2-D ’
D argre-D (A3)
he,B) =a+B+1—D/2,
o 1 dP1 _ T(a+6-D/2)I(D/2—a)'(D/2 - f)
(o ) = (2m)P / 12a(] 4 p)2B lp2=1 (4m)P2T (a)T(B)T(D — a — ) ’

If we take f(I) = [” we obtain the first generalized rule

< :A_(Oé,ﬁ) h(a’ﬁ)< - A+(Oé,ﬁ) h(a’ﬂ)<
B

(A.4)
a+1 @
+C(a, B) +C(B,0a) :
3 B+1
where
As(a, ) = Ar(a, B) £ Ala, B)
 (a—=p)G(a,B) —aG(a+1,8—1)+ BG(a—1,8+1)
Aule ) = 20+ +1-D) ’ s
< _aG(a+1,8)+ pG(a, B+ 1) :
AMaf) = ———=05+1-D) ’
~ a
Clh) = 35+i-D

- 12 —



Another useful formula can be derived from the previous two:

< =~ (Ai(0,5) ~ 3A(0,0) 52
BN

Ao, B) ( Maﬁ//// h(a, B) )

2a+p3+1-D)

a—+1 a
C Ca

,3))
O‘ﬁ ﬁ’ <I>

A.2 Example of recurrence relation

As an example of a recurrence relation obtained from the triangle rules, let us consider the

(1)

computation of I; 7. We can write

1 1
W=k, 1), (A.7)
where Kg)(al, ...,ar) is the integral with the same topology and numerator as Ig), but

weights aq, ..., ar on the radial lines. Using (A.2) we find

Kg)(au--.,aL) = Alar—2,ar— 1)K£1)1(0é1,-- sarp—3,h(ap—2,ar1),ar)
+ Clap—2,ar-1)G(ar—3,ar—2 + 1)K£ )1(a1, cooglap—s, a2+ 1), ar1,ar)

+ Clap—1,ar-2)G(ar—1 + 1704L)Kg_)1(0¢1, coapo,g9la—1+1,ar)),
(A8)

where g(o, ) = o+ 3 — D/2 and h is defined in eq. (A.5).

1) 1)

We can go on applying eq. (A.2) until we obtain KE(] in terms of K i . Then, using
. (1) .
the generalized rules, we can compute K’ explicitly.
One can deal with integrals If) and IE’) in the same way, using eq. (A.2) down to five
and six loops respectively. For the general case Ig ) with j >4, eq. (A.2) must be applied

on both sides of the integrals to reduce them to seven loops.

A.3 GPXT in p-space
We are interested in the pole part of the integrals Ig) and Py, given in figure 11. Thereby,
the relation (2.12) implies that the independent non-vanishing integrals are represented by
1<5< [%], where [z] denotes the integer part of x.

Instead of solving the integrals in z-space, we work directly in p-space. This has signif-

icant advantages: one does not have to shift the derivatives to the root vertex. Therefore,

,13,



one does not encounter the problem to compute several integrals with subdivergences which
combine to the required integral. Furthermore, the number of integration points is reduced
by one. The calculation can therefore be pushed to higher loop order. We first write the
required integral as the following linear combination

19 = g — gty (A.9)

where

_ 1 / a? d” prp1 - pr
2m)LP | pip. . p2(p1 —p2)?... (pr—1 — pr)%(pL — p1)?

The p-space graphs of the integrals J]gk) which we need for 1 < k < K, K = [%] +
hence read

(A.11)

Where the number at a line denotes the weight of the propagator. We apply GPXT [37] to
the above integrals in p-space. The propagators are first expanded in terms of Gegenbauer
polynomials C’Z-(l) () (which in this case are the Chebyshev polynomials of the second kind).
Then, the angular integrals are performed. This yields

S _ 1 21\ o,
L= (2D 2r i+l A (0
i=0
) 0o jtl L—k+1 1 k—2 ) *)
Jr :(2 i) 2L 22 Z ( > <m> D1(5,1,9)C; (DR (4, 9)
=0 i=|j—1]|
i#£]

(A.12)
where Qp_1 is the volume of the (D —1)-dimensional unit sphere, D1 (j, 1,7) are the Clebsch-

Gordan coefficients of the Gegenbauer polynomials, and the radial integrals are given by

A—1 . . . i
R(l)( - dry...drp(ry...... rL) <H11Dr1r2 ming, _,», ming, ., > 2
.. ,
R MaXp ry ... MaXy, p, MAXy, p \ MAXy, 1y max,, _,r, MaXy, r,
A—3 a1
o0 2 2 A—1
R(k)(i i) _/ dry...drpry *ry (ro...Th—1Tks1-.-7L)
A ’ -
R MaXy, r, - .. MaAXy, _ p, MaAXy,
9 (mmrlr2 ming, ) 2 <m1n7'k7'k+1 ming, ., ming, ., > 2
mMaXy, ry maXy, r, maxy,r, ., | max,, ,r, MaxX,, r,
(A.13)

we have introduced a regulator R as a lower bound for the momentum integration. This
cuts out the infrared regime of the integrals and hence does not affect the pole part we are

- 14 —



interested in.}

While it is simple to directly evaluate the above integrals for small L, it
becomes very tedious at larger L. We found that it is advantageous to set up a recurrence
relation for the radial integrals.

The starting point is the integral

D
i _ al b1 ba sC1 s C2
Li(ay,b1,ba,c1,c2;70,72) —/ dryri'max.?, max;? min;! minf?
R ro>T2

by ..b b b 1 b 1

_ _Ra1+01+02+1r01r22 70017052 (bl o cl)rgl-i- 2+c1+ (bg o 02)74514- 2+c1+
a1 +c+cea+1 a1 +by+c1+1 a1 +b+b2+1 ar+c+ex+1 ’
(A.14)

where we assume that the constants aq, b1, ba, c1, co are such that the upper boundary
does not contribute. Longer chains of integration are defined as

In(al, ey Qp, bl, cee 7bn+1a Cly..+3yCn+1570, Tn+1)
(e.o]
_ al an b1 ba br+1
= /R dri...drpri’ .. orpimax,, max?, ...max," I (A.15)
nl minc? ipCn+1
ming}, ming?, ... ming7pt

TOZTn+1

It is important to remark that for the remaining domain rg < 7,41 the result is obtained
by simply reverting the order (aq,...,a,) — (an,...,a1), (b1,...,bpt1) = (bnt1,...,01),
(c1y..y¢ny1) — (¢ng1, ..., c1) and by also exchanging rg < rp41.

We can then obtain a recurrence relation for the (n + 1)-fold integral for the regime
ro > rpyo by explicitly evaluating the integration of r,41 in

In+1(a1, <oy Ontd, bla cee abn+25 Cly--- >Cn+2;TO,Tn+2) .

If we assume again that there are no contributions from the integral boundary at infinity,
guaranteed by the values of the constants a;, b;, ¢;, and that the integrands are always
polynomials, we find the following rule

In+1(a1a--->an+1,b1a--->bn+2acla--->Cn+2;TOaTn+2)
_ [( bnt2 Gnti+cnt2  ant1tbnio Cn+2)
- Tn+2 7nnJrl n+1 n+2
Ial...a bl...b 1,Clye s Cn+1:705 Tn+1 1 +1
n( ) s Uny U1, » Un+1,5 €1, sy En415705 T'n+ )]7"2+1_’a_+17’2+2
an+1+cnt2 bni2 .
— [anjl—l " V“nr_ti_Q In(al, ..,an,bl,...,bn+1,cl,...,Cn+177°0,7“n+1)]ra 1 patl
n+l " a+l1
Ap+1+bnt2 Cni2 .
+ [Tnil " Tn12 (In(ala---aanabla"'aanrlaCl,"‘>Cn+17TO)Tn+1)
- In(ana -ee, A1, bn+15 s abla Cn+1;--- ,Cl§Tn+1,TO))]ra D SPC )
n+1 a+1'0
(A.16)

where the replacement means that one first collects all factors of r,41 within each term of
the corresponding expression in brackets, and then replaces the appearing factor r, 1 with
exponent « as indicated. This mimics the integrations and can be easily evaluated with

In this case, where no infrared divergences are present, one can safely set R = 0 as long as one keeps
factors R ' =R™° — 1
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a computer. To obtain the final closed chain of integrations, we first abbreviate the chain

with equal weights as
I (a,b,c;ro,mn41) = In(a, ... a,b, .. bycy o 10, Tt1) - (A.17)

Two open chains are then fused by identifying the respective first and second coordinate ar-
gument and then integrating over both arguments with appropriate additional power factors
of these arguments. Using again the replacement rule to mimic the integrations, the com-
binations we need for the radial integrals are then obtained from the open chains as follows

Ir(ay,...,ax,b1,...,bx—1,¢1,...,CK—1,a,b,C)
= |:|:7"?17°?(K(IK_2(0/27...,G,K_17b1,...,bK_l,Cl7...7CK_1;T1,TK)IL_K(G7 b, [ 7“1,7“[()
_IK—2(aK71;--'aa2abK713"'ablachla---aCl;TKyrl)ILfK(a’ab)C;TKarl))]rix*)%Hr?(Jfl
—i—[r?lrﬁ(KIK,g(aK,l,...,ag,bK,l,...,bl,cK,l,...,cl;rK,rl)
IL_K(GJ)’C;TK7T1)]7"?_’Q+HRQ+1]T%_>Q1_HRQ+1 .
(A.18)

The required radial integrals Rg\l)(i) and ng) (i,7) in (A.13) are then directly given by the
(1)

above expression with respectively chosen constants. For R} (i) the constants become

ag=--=agx=a=A—1, b1:---:bK,1:b:—1—%, 01:---201(,1:0:%,
(A.19)
while for Rg\k)(i, j) we take the above values except for the the following constants
3 1 j '
a1=)\—§, ak:)\—a, b1:---:bk,1=—1—%, 01:---:Ck,1:%. (A.20)

With this procedure, we could find analytic expressions for the integrals up to L = 11
which are listed below.

A.4 Integrals up to L =11
)

Here we show the explicit results for the integrals 1 g which are relevant for the computation

of anomalous dimensions up to L = 11.

1= st 5@+ 50w |.

(Am)Be| 2
1 = [ 266) +7C),
1= 2t 2+ Zem oo |
1Y = [ 300+ 18¢(9) +66(11).
= iR+ B o+ B+ Peay |,
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m__1 1 110 572

Iy —(4W)185[4C(9)+ 5 () + = g(13)+715<(15)},

o_ 1 114 33 1287 1287

Ly = (477)205{ =C(9) + 5 C(11) + =5~ C(13) + == ¢(15) + 2431 ¢(17) }
11

I = (4W)182[5C(11)+65C(13)+455C(15)+2210C(17) + 8398 ¢(19)],

1 = st| — 5@+ 50|,

(ampe 2

1 = el —406) 7).
1 = | - 500 - G 2160 |
1Y = 2] ~120(0) = 24¢(9) +66¢(11)],
1 = s | - e - T - can+ Peuy |,
1§ = | 24000 = e - TR eus) + m5cas) |

= s | - 2 - 5rean - 252 o3 - B2 cas) + 23 |.
¥ = (473)18 é[ —40¢(11) — 364 C(13) — 1547 C(15) — 2652 C(17) + 8398 ¢(19)],
1§ = | 3405 .
1 = 150 = 60)]
1 = | S+ S - Fean |,
1§ = | 3060 + o0 - 5 eus) |

¥ = s | 5@+ 0can + 2 s - Fean) |

@) _ Wé[ 135 ¢(11) + 819¢(13) + 1638 ¢(15) — 1326 C(17)],

w_ 1 1] 105 15 16

1 = | - T = 3+ ey |
@__L 1, _

1§ = s 21 ~566(9) = 55¢(11) + 1436(13)],

@w_ 1 1p 336 . 429 1001

B = s | e - mcan - 2003 + 1) |
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1Y = (473)18 é[ —240¢(11) — 936 ¢(13) — 182¢(15) + 1768 ((17)]

(5) 11 %g(9)+154g(11)—115£a13) ;

VW — - -
107 (4m)8e| 5
G _ 1

1% = WE[ 210¢(11) + 546 ¢(13) — 637 ¢(15)] .
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